Let d ≥ 3 be an integer, and let Λ be a full subsemigroup of N t which contains a strictly positive element. We prove that there exists a d-dimensional local unique factorization domain R and a finitely generated torsion-free R-module M such that Λ is isomorphic to the semigroup of isomorphism classes of direct summands of direct sums of copies of M . This generalizes a previous result by R. Wiegand who proved it for d = 1, 2.
Introduction
Given a Noetherian commutative local ring (R, m) we can associate a commutative monoid V (R) to it in the following way. The elements of V (R) are representatives for the isomorphism classes [M ] of finitely generated R-modules, the sum is given by direct sum, i.e., [M ] + [N ] = [M ⊕ N ], and the zero module is the neutral element. We will refer to V (R) also as semigroup and we will use the words semigroup and monoid interchangeably, meaning that semigroups are always considered with a neutral element. If R is complete, then the Krull-Remak-Schmidt Theorem (KRS for short) of uniqueness of direct sum decompositions of finitely generated modules implies that V (R) is a free monoid. So we have a monoid isomorphism V (R) ∼ = N (I) , where N is the monoid of natural numbers, and I is a set of representatives for the indecomposable finitely generated R-modules. If R is not complete, the KRS property may fail and the structure of V (R) can be more complicated. However, there is a natural homomorphism of semigroups
given by j([M ]) = [ R ⊗ R M ], where R denotes the m-adic completion of R. This homomorphism is injective, so we can consider V (R) as a subsemigroup of V ( R) ∼ = N (I) , in particular V (R) is cancellative and reduced. More precisely, j is a divisor homomorphism, that is j(x) | j(y) implies x | y. Semigroups which admit a divisor homomorphism into a free monoid are called Krull monoids. Their properties and in particular their arithmetic are well studied, see the monograph [GHK06] for a thorough treatment.
Similarly, given a finitely generated module M , we can consider the full subcategory add R (M ) of the category of R-modules consisting of finitely generated R-modules that are isomorphic to direct summands of direct sums of copies of M . Then we denote by +(M ) the subsemigroup of V (R) consisting of representatives of the isomorphism classes in add R (M ). The injective map j restricts to
where R⊗ R M ∼ = M is the completion of M . So we can consider +(M ) as a subsemigroup of +( M ), and by the KRS property, +( M ) ∼ = N t , so +(M ) must be a finitely generated semigroup. In particular, it is a finitely generated Krull monoid, which is also called positive normal affine semigroup [BG09] . We refer to the book [LW12] for interesting examples of the monoids V (R), +(M ), and for unexplained terminology.
It is natural to ask which submonoids of N t can be realized as +(M ) for some finitely generated module M over a ring R. In fact, R. Wiegand [Wie01] proved that every submonoid Λ of N t can be realized by a torsion-free module over a suitable two-dimensional ring. He proved also that Λ can be realized over a one-dimensional ring, provided it is expanded, that is Λ = W ∩ N t , where W is a Q-subspace of Q t . We point out that the condition of being expanded is not restrictive in dimension one, since every semigroup of the form +(M ), where M is a finitely generated module over a one-dimensional local ring is necessarily expanded, while this is not always the case in dimension ≥ 2. The constructions provided by R. Wiegand for the one and two-dimensional situations are different and leave open the question for realization in higher dimensions. More precisely, given a finitely generated Krull monoid Λ and an integer d ≥ 3, does there exist a d-dimensional local ring R and a finitely generated R-module M such that Λ ∼ = +(M )? Are there any restrictions on the monoid Λ such as in the one dimensional situation? In this note, we provide a positive answer to the first question by proving the following which is our main theorem.
Theorem A. Let t ≥ 1 and d ≥ 3 be integers, and let Λ be a full subsemigroup of N t . Assume that Λ contains a strictly positive element λ. Then there exist a unique factorization local domain R of dimension d, a finitely generated torsion-free R-module M , and a commutative diagram of semigroups The construction of the proof of Theorem A follows the same strategy as the twodimensional situation in [Wie01] . First, we generalize a criterion due to D. Weston [Wes88] to characterize which modules over the completion R are extended from Rmodules in terms of the class groups of R and R. We do this in Section 1. Then, in Section 2 we construct a d-dimensional complete normal domain B with an isolated singularity and a large divisor class group. We do this by considering (a localization of) the coordinate ring of the symmetric product of a smooth projective irreducible curve with very general moduli. Finally, in Section 3, we conclude the construction by applying a result of Heitmann [Hei93] to obtain a local UFD R whose completion is B.
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A criterion for extended modules
Let (R, m) be a Noetherian local domain, and let R be its m-adic completion. We say that a module N over R is extended from R or simply extended if there is an R-module M such that R ⊗ R M ∼ = N . It is an interesting problem to find necessary and sufficient conditions for an R-module to be extended. For example, modules of finite length are always extended and in the one-dimensional situation a criterion is given by Levy and Odenthal [LO96] . D. Weston [Wes88] proves a criterion for a module to be extended provided R is two-dimensional and analytically normal, that is R is a normal domain. In this section, we present Weston's result and we slightly generalize it to higher dimension. The proof will follow the same path as in [Wes88, Theorem 1.5] (see also [RWW99,  Proposition 3]). However, the price we have to pay in order to extend the statement to higher dimension is to require that R is an isolated singularity.
Before stating the criterion, we recall a few facts from [Bou89, Chapter VII, §4]. Suppose R is a normal domain, and let M be a finitely generated R-module. Then we can assign to M an element cl(M ) of the class group Cl(R) of R in the following way. If M is torsion, then define cl(M ) = − p ℓ Rp (M p )[p], where the formal sum runs over all primes p of height one, and ℓ Rp (−) denotes the length as R p -module. If M is not torsion, then there exists a finite free submodule F ⊆ M such that M/F is torsion, so one defines cl(M ) = cl(M/F ). The element cl(M ) of Cl(R) does not depend on the free submodule F chosen and the symbol cl(−) is additive on short exact sequences. Moreover, if J is a fractional ideal of R, then cl(J) = div(J * * ), where (−) * is the dual Hom R (−, R) and div(−) denotes the divisor class associated to the ideal.
In the local situation, the canonical map R → R induces a group homomorphism φ : Cl(R) → Cl( R) given by φ(cl(M )) = cl( R⊗ R M ). We can use this map to characterize when a module is extended. Proof. First, we assume that N is extended from R, i.e., N ∼ = R⊗ R M for some R-module M . Since the ring extension R → R is faithfully flat, then M is also finitely generated and torsion free. From [Bou89, Chapter VII, §4.9, Theorem 6] there exists a Bourbaki sequence 0 → F → M → J → 0, where F is a finitely generated free R-module and J an ideal of R. We tensor the previous sequence with R and we obtain
Viceversa, take a Bourbaki sequence for N over R
with G finitely generated free R-module and L ideal of R. So we have cl(L) = cl(N ) and since cl(N ) is in the image of φ there exists an unmixed ideal I of height 1 such that R ⊗ R I ∼ = L * * . Now, let p be a prime ideal of R different from the unique maximal ideal. Since R is an isolated singularity, R p is a regular local ring, in particular it is factorial, so L p is a reflexive ideal of R p . Therefore the R-module V := L * * /L has finite length, hence it is extended from R. Consider the short exact sequence of R-modules 0 → L → L * * → V → 0, since Hom R (L * * , V ) has finite length, then [LW12, Lemma 2.7] implies that L is extended as well. Finally, take again a prime ideal p of R different from the unique maximal ideal and an R-module M which fits in a short exact sequence 0 → G → M → L → 0. Since R p is a regular local ring, the finitely generated free module G p is injective. So the localized sequence 0 → G p → M p → L p → 0 splits, i.e., Ext 1 Rp (L p , G p ) = 0. It follows that Ext 1 R (L, G) has finite length, so applying again [LW12, Lemma 2.7] to the sequence (1) we obtain that N is extended.
A geometric construction
We work over the field of complex numbers C. Let C be a smooth projective irreducible curve of genus g, and let d ≥ 2 be an integer. We denote by C (d) the d-fold symmetric product of C, that is the quotient of the ordinary d-fold product C × · · · × C by the natural action of the symmetric group S d . We denote an element of C (d) by P 1 + · · · + P d , where P 1 , . . . , P d are points of C. It is well known that C (d) is a smooth projective variety of dimension d (see e.g. [ACGH85, p. 18]). Therefore the class group of C (d) can be identified with the Picard group Pic(C (d) ) of isomorphism classes of line bundles on C (d) . Moreover, we denote by Pic 0 (C (d) ) the connected component of the identity in Pic(C (d) ) and by NS(C (d) ) = Pic(C (d) )/ Pic 0 (C (d) ) the Néron-Severi group of C (d) , that is the quotient group of numerical equivalence classes of divisors on C (d) .
We want to describe the Picard group of C (d) . We begin by recalling a classic result on the Néron-Severi group of C (d) (see e.g. [ACGH85, Proposition 5.1, p. 358]).
Proposition 2.1. If C has very general moduli, then the Néron-Severi group of C (d) is a free Abelian group of rank 2 generated by the numerical classes of the following divisors:
• the divisor given by the image of the inclusion map i d−1 :
where P ∈ C is a fixed point; • the pullback of the theta divisor of the Jacobian variety JC of C along the Abel-Jacobi map u : C (d) → JC.
Remark 2.2. In Proposition 2.1 and in the rest of the paper the statement that the curve C has very general moduli is used as a shorthand for "there are denumerably many proper subvarieties of the moduli space of genus g curves such that the point corresponding to the curve C does not belong to anyone of them". Now, we focus on the subgroup Pic 0 (C d ). The following is probably well known to experts, but since we couldn't find a suitable reference in the literature we sketch a proof here.
Proposition 2.3. Let C be a smooth projective irreducible curve of genus g and let d ≥ 2 be an integer, then we have an isomorphism of Abelian varieties
Proof. First, we prove that the Jacobian JC = Pic 0 (C) satisfies the universal property of the Albanese variety for C (d) . Namely, let f : C (d) → A be a morphism to an Abelian variety A. We show that f factors through JC. We compose f with the diagonal embedding C ֒→ C (d) , obtaining a morphism f 0 : C → A. Now fix a base point P 0 ∈ C, and consider the maps u : C → JC and σ d : C (d) → JC given by u(P ) = [O(P − P 0 )] and σ d (P 1 + · · · + P d ) = [O(P 1 + · · · + P d − dP 0 )] respectively. We obtain a commutative diagram
where the morphism h : JC → A exists by the universal property of JC ∼ = Alb(C) and is such that f 0 = h • u (see e.g. [Pol03, Section 17.5]). One can show that f factors through h as well. Therefore we have Alb(C (d) ) ∼ = JC. Now, recalling that the Albanese and Picard variety are dual complex tori [GH78, Chapter 2, Section 6] we obtain the following chain of isomorphisms
Finally, an application of the exponential sequence [Har77, Appendix B, Section 5] yields the isomorphism Pic 0 (C) ∼ = (C g /Z 2g ).
Corollary 2.4. Let C be a smooth projective irreducible curve of genus g which has very general moduli and let d ≥ 2 be an integer, then we have
Proof. Consider the short exact sequence of groups
where the last map is the first Chern class. By Proposition 2.1, we have NS(C (d) ) ∼ = Z 2 , therefore the previous sequence splits. Since Pic 0 (C (d) ) ∼ = C g /Z 2g by Proposition 2.3, we are done.
Remark 2.5. Let V be a smooth variety of dimension ≥ 2 and let D be an ample divisor on V , then [D] ∈ Pic 0 (V ). To see this, observe first that if D 1 and D 2 are two linearly equivalent divisors on V then D 1 · C ≃ D 2 · C for any curve C ⊆ V . In particular, if D 1 is linearly equivalent to 0, i.e., [D 1 ] ∈ Pic 0 (V ), then D 1 · C = 0. On the other hand, let n be a positive integer such that nD is very ample and let V ֒→ P r be the embedding through the linear system |nD|. Since the multiples of nD give hyperplanes in P r , and a generic curve and a hyperplane always meet in projective space, we have (nD) · C > 0 generically, but (nD) · C = n(D · C), so D · C > 0, hence [D] cannot be in Pic 0 (V ).
Theorem 2.6. Let g ≥ 1 and d ≥ 2 be integers. Then there exists a complete local normal domain B over C with an isolated singularity such that dim B = d + 1 and Cl(B) contains a copy of (R/Z) ⊕2g as subgroup.
Proof. Let V = C (d) be the symmetric product of a smooth projective irreducible curve of genus g and very general moduli. By Corollary 2.4, we have Pic(V ) ∼ = Pic 0 (V )⊕NS(V ) ∼ = (C g /Z 2g ) ⊕ Z 2 . Moreover, since V is a smooth variety we can identify the Picard group of V with its class group, i.e., Cl(V ) ∼ = Pic(V ). We embed V into a projective space P r = P r C . Since V is normal, by eventually composing with a s-uple Veronese embedding for s ≫ 0, we may assume that the embedding V ⊆ P r is projectively normal, that is the homogeneous coordinate ring A of V is a normal domain of dimension d + 1 (see [Har77, Chapter II, Exercise 5.14] ). Moreover since V is smooth, A has only an isolated singularity at the origin.
Let D be a very ample divisor on V . By Remark 2.5, we know that [D] ∈ Pic 0 (V ), so we have [D] = (D 1 , D 2 ) ∈ Pic 0 (V ) ⊕ NS(V ), with D 2 = 0. By the Nakai-Moishezon criterion [Laz04, Theorem 2.3.18] the ampleness of a divisor is invariant by numerical equivalence, therefore we may assume without loss of generality that D 1 = 0.
Let H be the hyperplane of P r such that H ∩ V = D. By [Har77, Chapter II, Exercise 6.3] we have a short exact sequence relating the class group of V and the class group of A (which is also the class group of the affine cone C(V ) ⊆ A r+1 ):
Here, the first map is given by ϕ(1) = [H ∩ V ] = [D]. Therefore, we have Cl(A) ∼ = Cl(V )/Imϕ. Using the decomposition Cl(V ) ∼ = Pic 0 (V ) ⊕ NS(V ), we may write ϕ = (ϕ 1 , ϕ 2 ), and we see that ϕ 1 = 0, since [D] = (0, D 2 ) by assumption. It follows that Cl(A) ∼ = Pic 0 (V ) ⊕ NS(V )/Imϕ 2 . In particular, Cl(A) contains a copy of Pic 0 (V ) ∼ = C g /Z 2g as direct summand. Now, let m be the irrelevant maximal ideal of A, and consider the localization A m and its mA m -adic completion B = A m . B is a complete local normal domain of Krull dimension d + 1 and by the upcoming Lemma 2.7 B is an isolated singularity. From the localization sequence of the class group we get an isomorphism Cl(A) ∼ = Cl(A m ). Moreover the canonical map A m → B is faithfully flat, so we obtain an injective group homomorphism Cl(A m ) ֒→ Cl(B) which shows that Cl(B) contains a copy of C g /Z 2g as subgroup. Since C g /Z 2g ∼ = (R/Z) ⊕2g as groups, we are done.
The following lemma is probably well known. I thank T. Murayama for suggesting it to me.
Lemma 2.7. Let A be a Noetherian algebra of finite type over a field which has only an isolated singularity at a maximal ideal m. Then the mA m -adic completion of its localization A m is an isolated singularity.
Proof. Since A is of finite type over a field it is a G-ring in the sense of [Mat89, p. 255], and its localization A m is a G-ring as well, so the map ϕ : A m → A m is regular. Moreover, A ′ = A m is still an isolated singularity. In order to prove that B = A m is an isolated singularity, pick a prime ideal q ∈ Spec B different from the unique maximal ideal, and let p = q ∩ A ′ . The localization A ′ p is a regular local ring, and we are left to prove that B q is also regular. Consider the localized map
which is still regular. So its fibers are regular rings, and [Mat89, Theorem 23.7] implies that B q is regular.
Proof of the main theorem
Now that the previous results have been established, the proof of the main theorem proceeds as in [Wie01] . We report it here for the sake of completeness.
Proof of Theorem A. Let G = ΛZ ⊆ Z t be the subgroup generated by Λ. We write the quotient group Z t /G ∼ = C 1 ⊕ · · · ⊕ C s as a sum of cyclic groups C i . Using this decomposition, we can realize Z t /G as a subgroup of (R/Z) ⊕s . By choosing g ≥ s/2, we can embed it further as Z t /G ֒→ (R/Z) ⊕2g . By Theorem 2.6, there exists a complete local d-dimensional normal domain B with an isolated singularity containing C such that (R/Z) ⊕2g ֒→ Cl(B). Therefore we obtain an exact sequence of groups 0 → G → Z t η − → Cl(B).
Since B is a complete local normal domain of dimension ≥ 2, by [Hei93, Theorem 8] there exists a local unique factorization domain R ⊆ B such that R = B. Now, fix {e 1 , . . . , e t } the standard basis of Z t and for each i = 1, . . . , t choose a fractional ideal L i of B such that η(e i ) = cl(L i ) ∈ Cl(B). Given an element m = (m 1 , . . . , m t ) ∈ N t , we define ψ(m) to be isomorphism class of the B-module N = L m1 1 ⊕ · · ·⊕ L mt t . By Weston's criterion (Proposition 1.1), since Cl(R) = {0} the B-module N is extended from R if and only if its divisor class cl(N ) = m 1 cl(L 1 ) + · · · + m t cl(L t ) = η(m) is trivial in Cl(B). This is equivalent to saying that m ∈ G ∩ N t = ΛZ ∩ N t , but ΛZ ∩ N t = Λ since Λ is a full subsemigroup of N t . In particular, given m ∈ Λ we can define ϕ(m) to be the isomorphism class of an R-module whose completion is isomorphic to L m1 1 ⊕ · · · ⊕ L mt t Finally, given the strictly positive element λ ∈ Λ, choose a finitely generated torsion-free R-module M such that [M ] = ϕ(λ).
